ABSTRACT. If H is an arbitrary harmonic function defined on an open set ft<=C, then the curvature of the level curves of H can be strictly maximal or strictly minimal at a point of O. However, if Cl is a doubly connected domain bounded by analytic convex Jordan curves, and if H is harmonic measure of ft with respect to the outer boundary of H, then the minimal curvature of the level curves of H is attained on the boundary of H. §1. Introduction. To our knowledge, all earlier theorems regarding the curvature of level sets of harmonic functions pertain exclusively to Green's functions on simply connected domains. For instance, [1] contains the wellknown result that level curves of Green's functions on simply connected convex domains in the plane are convex Jordan curves. More difficult versions of these results (in higher dimensions) appear in [2], [3], [4] .
§1. Introduction. To our knowledge, all earlier theorems regarding the curvature of level sets of harmonic functions pertain exclusively to Green's functions on simply connected domains. For instance, [1] contains the wellknown result that level curves of Green's functions on simply connected convex domains in the plane are convex Jordan curves. More difficult versions of these results (in higher dimensions) appear in [2] , [3] , [4] .
In the present paper we prove a general extremum principle for the curvature of level curves of harmonic functions (Theorem 2.1) as well as a particular extremum principle for curvature in the case of harmonic measure on a doubly connected plane domain (Theorem 3.1). By the latter theorem the level curves of harmonic measure (with respect to the outer boundary) of an annular domain bounded by convex Jordan curves are, themselves, convex.
These two theorems suggest that broader extremum principles for the curvature may be valid. We formulate two conjectures to this effect. Then we provide a counter example to the stronger conjecture by constructing a particular harmonic function whose level curves attain strictly maximal curvature at an interior point of its domain. The weaker conjecture, which concerns harmonic measure, remains open. §2. The curvature function. The following definition is convenient for the study of the curvature of level curves. 
the product rule leads to
In this expression for Q(s) replace z(s) |g(z(s))| by ig(z(s)), then employ the chain rule, and then substitute for z(s) according to (2.1) . We obtain • Proof. Set g = H x -iH y . By hypothesis g has no zeros in ft.
(1) The hypothesis of statement (1) implies Re(l/g)'(w)>0 for all weft. Hence there are two cases: (a) Re(l/g)'(w) = 0, all wed; (b) Re(l/g)'(w)>0, all wefl. In case (a) K(H, W) = 0, all we CI. In case (b) Jensen's inequality and the mean value theorem for harmonic functions imply that the average of logRe(l/g)', over any sufficiently small circle centered at a point weft, is less than log Re(l/g)'(w). Therefore, in case (b) log Re(l/g)' is super harmonic in ft and log K(H, •) is super harmonic in Ci. By the minimum principle for super harmonic functions
log K(H, z) >lim inf log K(H, W)
and log K(H,-) is a constant function if and only if equality holds. The conclusions of (1) are now immediate.
(2) Apply part (1) to
In the second instance the mean value theorem implies (for appropriate r>0)
We conclude that g(w) is identically constant in Ci. So in both cases constant = 0 and Re(l/g)' = 0. Thus
and it is evident that H is of the expressed form.
• §3. Theorem 3.1 is a minimum principle for curvature of level curves of harmonic measure with respect to the outer boundary of an annulus bounded by convex Jordan curves. Thus, for completeness, we first define these terms precisely.
By definition, a proper Jordan curve T is a pair (T*, p) for which the following statements are valid:
(i) p is an analytic function defined in a neighborhood of the real line with non-vanishing derivative.
(ii) r* = {p(t):t real} is a Jordan curve, (iii) \dp/dt(t)\ = 1, ail te (-00, 00). (iv). There is a number e X) such that if t is real, and p(f) = x(t) + /y(f), and 0<e<e, then p(t) +e(-y(t) + ix(t)) lies in the interior of r*.
If z = p(t)eT* 7 we define the curvature of T at z by c(r,z) = y(f)jc(r)-ic(f)y(f). The choice of the parameter t corresponding to z is irrelevant; it can be shown that p is periodic with some period T>0 and that p maps [0, T) one-to-one onto r*.
If r () and T { denote proper Jordan curves with T* contained in the interior of Ff, then A = A(T (h T { ) shall denote the region bounded by T* and Ff. Since F () and T l are proper Jordan curves there is a region II and a function H such that Âc(], H is harmonic in 12, H has no critical points in 12, H is identically zero on T*, and H is identically one on r*. There is at most one such function H in any fixed region 12 containing Â and any candidate will be called harmonic measure for the annulus A with respect to IY Then, if 0<r<l, we set r* = {z G Â : H(z) = r} and assert that there is a function p r such that 
1). We conclude K(H, p(t)) = y(t)Ht)-x(t)y(t) = c(r r , p(t))
as required. (2) By the hypothesis and part (1) 
and conclude c(T r , Z) = K(H, z)>k(T lh Ti\
all re(0, 1) and all zeT*. It is well known that Jordan curves with non-vanishing curvature are strictly convex.
• A conjecture. To our knowledge there is no counterexample to any part of the following conjecture. ((-) , (z)) = h(h-1 (g(z))) = g(z) if |z|<r.
The proof is complete. D We may now exhibit a curvature function which assumes a strict global maximum, or a strict global minimum, and thus serves as a counterexample to Conjecture 4.1. Strictness is the main point of the construction; it is easy to find examples with weak global extrema. •
